The present paper addresses free vibration of multiple cracked Timoshenko beams made of Functionally Graded Material (FGM). Cracks are modeled by rotational spring of stiffness calculated from the crack depth and material properties vary according to the power law throughout the beam thickness. Governing equations for free vibration of the beam are formulated with taking into account actual position of the neutral plane. The obtained frequency equation and mode shapes are used for analysis of the beam mode shapes in dependence on the material and crack parameters. Numerical results validate usefulness of the proposed herein theory and show that mode shapes are good indication for detecting multiple cracks in Timoshenko FGM beams.
Mode Shape Analysis of Multiple Cracked Functionally Graded Timoshenko Beams 1 INTRODUCTION
Since the FGMs are increasingly implemented in the practice of industries, dynamics of cracked structures made of FGM gets an enormous attention of researches and engineers. Also, a number of methods has been proposed to vibration analysis of the structures such as Galerkin's method, Finite Element Method (FEM), Dynamic Stifness Method (DSM), … However, for the simple structures such as beams the analytical approach shows to be most accurate and efficient. Yan et al. (2008) calculated natural frequencies and mode shapes of cracked FGM Euler-Bernoulli beam. Wei et al. (2012) established equations of motion of FGM Timoshenko beam with rotary inertia and shear deformation included. Because of ignoring axial inertia, the bending vibration is independent from axial vibration. The authors used transfer matrix method to obtain frequency equations and mode shapes of beam with arbitrary number of open edge cracks only in the form of third-order determinant. This is remarkable achievement in free vibration amalysis of multiple cracked FGM beam. Sherafatnia et al. (2014) analyzed natural frequencies and mode shapes of cracked beam using different theories of beam. It was demonstrated by the authors that fundamental mode shape is the same for all the beam theories, but notable difference between the mode shapes is revealed for the higher modes.
Using Galerkin's procedure, Yan et al. (2011) obtained dynamic deflections of cracked FGM beam on elastic foundation under a transverse moving load. Khiem, T.V. Lien 2002) . Since the dynamic stiffness method uses the frequency-dependent shape functions obtained from the exact solution of the governing differential equations of free vibration, natural frequencies and mode shapes obtained by the method should be more accurate. Nevertheless, there is very little effort devoted to develop the DSM for vibration analysis of cracked FGM Timoshenko beams.
On the other hand, because of grading material properties the neutral plane and mid plane of the FGM beams are different and effect of the neutral plane position on static and dynamic behavior of the beam is investigated in some studies. Eltaher et al. (2013) showed that the natural frequencies calculated by using the mid-plane theory of FGM beam are higher than those obtained by taking into account actual position of neutral plane. Furthermore, study by revealed that taking into account actual position of neutral plane simplifies the governing differential equations of FGM beam and allows one to find a condition for uncoupling of axial and flexural vibrations likely to the homogeneous beam. This paper is devoted first to establish governing equations for vibration of multiple cracked FGM Timoshenko beam based on the power law of material grading; actual position of neutral plane and rotational spring model of cracks. From the governing equations, a novel form of frequency equation and an explicit expression of mode shapes for multiple cracked FGM Timoshenko beam are obtained. Using the obtained equations, mode shapes of cracked FGM Timoshenko beam are examined along the material and crack parameters. Numerical results show that the proposed herein theory is useful not only for modal analysis of cracked FGM Timoshenko beams but also for crack detection in the beam by mode shape measurement.
GOVERNING EQUATIONS
Consider a FGM beam of length L, cross sectional area A=b×h. It is assumed that the material properties of FGM beam vary along the thickness direction by the power law distribution as follows where E, G and ρ stand for Young's, shear modulus and material density, n is power law exponent, z is co-ordinate of point from the mid plane at high h/2 (Fig. 1) 
is amplitude of axial displacement, rotation and deflection
and matrices (see Appendix A1) , we obtain so-called characteristic equation Taking into account the first and last equations in (2) 
Using the notations introduced in (6) it is easily to verify that 
Therefore, expression (7) can be now rewritten in the form
where 
It is assumed that the beam has been cracked at different positions 1 ,..., n e e . Based on fracture mechanics (F. Erdogan, B.H. Wu 1997) , the stiffness reduction of FGM beam caused by presence of the cracks can be modeled by equivalent springs of stiffness Kj . Therefore, conditions that must be satisfied at the cracks are (T.V. Lien, N.T. Duc and N.T. Khiem 2016) 
where N, Q and M are internal axial, shear forces and bending moment respectively (N.T. Khiem, N.D. Kien, N.N. Huyen 2014) Substituting (11) into (10), one can rewrite the conditions (10) 
So called crack magnitudes j defined in (12) are function of the material properties such as Young's modulus, power law exponent n and cross sectional dimensions. For the FGM beam, the crack magnitude can be calculated as 
Therefore, for modal analysis of cracked FGM beam, the crack magnitudes can be approximated by 
These functions would be used below for determining spring stiffness from given crack depth.
First, seeking solution ( ) x S of equation (2) satisfying the conditions 
Denoting solution of equation (2) 
These conditions ensure that solution of Eq. (2) in the form of (19) satisfy condition at crack positions (12). Based on the recurrent connection, one can express general solution of Eq. (2) for FGM beam with n crack in the form
In the later equation,
is continuous solution found above in the form (7) and function
Suppose that boundary conditions for solution of Eq. (2), are represented by
where B0, BL are differential matrix operators of dimension 3×3 given in Appendix A3. Since the second term of solution (21) satisfy any trivial condition at 0 x  , the first condition in (23) is only applied for 
Satisfying boundary condition at right end of the beam leads to
In the case of intact beam, when
that enables to determine undamaged natural frequencies by solving the equation
Each roots 0 j  of this equation is related to mode shape 
Therefore, solution (26) gets the form
The solution (32) 
The above equation can be rewritten in the matrix form 
This is frequency equation for FGM beam with arbitrary number of cracks, solution of which gives natural frequencies (j, j=1,2,3,..) . In particularity, when vector  = 0, Eq. (34) 
Since the eigenvector j is determined with an arbitrary constant that could be specified by using a normality condition, for instance
ANALYSIS OF MODE SHAPES OF MULTIPLE CRACKED FGM TIMOSHENKO BEAM

Comparison in Particular Cases
For validation of the obtained above equations in this subsection we compare natural frequencies and mode shapes computed by the equations (33) and (35) 
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Natural frequencies and mode shapes of three lowest modes computed for the beam and compared to those obtained by Lien and Hao (2013) are shown in Table 1 . Three lowest frequencies and mode shapes of the FGM beam obtained by using the presented above theory are compared with those given in H. Su, J.R. and illustrated in Table  1 and Fig. 3 . It can be observed that the calculated results are very close to the results of Su & Banerjee (2015) . Observing graphs in the Figures allows one to make some remarks as follows: a) Deviation of mode shapes is typically non-smooth (sharp peak) at crack positions, so that crack location could be easily discriminated by using the wavelet analysis of mode shapes. b) Height of the sharp peaks in the graphs of mode shape deviation is monotonically increasing with crack depth. This enables to estimate also crack depth by the wavelet coefficient of mode shape at the crack location; c) Effect of symmetric cracks on the mode shape is the same for beam with symmetric boundary conditions and symmetric cracks make no change in mode shape at the beam middle. d) There are some positions on beam that presence of crack at these points makes no change in a mode shape. Such the points on beam are called invariable for the mode shape. For instance, midpoint of simply supported beam (x=0.5m) is invariable point for the fundamental mode shape (Fig.6a) or x=0.356m and x=0.67m -are invariable for the third mode shape of cantilever beam (Fig.8c ). All the mentioned notices are useful indication for crack detection in FGM beam by measurements of mode shapes.
CONCLUSIONS
In this paper, the consistent theory of free vibration of multiple cracked FGM Timoshenko beam is formulated on the base of the power law distribution of FGM material, rotation spring model of crack and actual position of neutral axis.
The obtained frequency equation and mode shape of cracked FGM Timoshenko beam provide a simple approach to study not only free vibration of the beam but also the inverse problem of material and crack identification in FGM structures.
Numerical analysis demonatrates that mode shapes of FGM Timoshenko beam are sufficiently sensitive to cracks and dependent on material properties and geometric parameter of the beam. 
